Abstract-Variable digital filters (VDFs) are useful to the implementation of digital receivers because its frequency characteristics such as fractional delays and cutoff frequencies can be varied online. In this letter, it is shown that the optimal minimax design of VDFs with passband linear-phase can be formulated and solved as a semi-definite programming (SDP) problem, which is a powerful convex optimization method. In addition, other objective functions, such as least squares, and linear and convex quadratic inequality constraints can readily be incorporated. Design examples using a variable fractional delay (VFD) and a variable cutoff frequency (VCF) FIR filters are given to demonstrate the effectiveness of the proposed approach.
I. INTRODUCTION
V ARIABLE digital filters (VDFs) [1] are digital filters with controllable spectral characteristics such as variable cutoff frequency, adjustable passband width [2] , [3] , controllable fractional delay, etc [4] - [7] . They are useful in arbitrary sample rate changers [8] , digital synchronizers [9] , and other applications involving online tuning of frequency characteristics.
The least squares design criterion is commonly used to design Farrow-based FIR VDFs [2] , [10] , [11] because it only involves the solution of a system of linear equation. Linear programming technique [3] , [7] has also been proposed to design variable digital filters having linear-phase characteristics and minimax design errors. In this letter, the minimax design of VDFs to achieve a lower system delay in the passband is considered. For convenience, we shall call these filters having approximate linear-phase characteristics in their passband the "passband linear-phase" digital filters. It is shown that the optimal design problem can be formulated as a semidefinite programming (SDP) problem, which is a versatile framework for designing digital FIR and IIR filters [12] - [14] . Alternatively, another efficient convex optimization tool called second-order cone programming (SOCP) [17] , which requires shorter design time, can also be used. In SDP, a linear function is minimized subject to the positive semidefinite constraint of a set of symmetric Manuscript received November 21, 2003; revised January 7, 2004 . This work was presented in part at ISCAS'2003 [8] . The associate editor coordinating the review of this paper and approving it for publication was Dr. Xi Zhang.
The [15] and [16] for more information of SDP, and its application to the design of FIR and IIR filters [12] - [14] .
In the proposed design method, the impulse responses of the VDFs are first expressed as a linear combination of some basis functions and the subfilter coefficients. For simplicity, the polynomial basis function is employed. Using the minimax criterion, the subfilter coefficients are stacked together and solved as a SDP. Two types of VDF, namely passband linearphase digital filters with either variable cutoff frequency or variable fractional delay are considered. Design results show that the proposed method yields VDFs with very good frequency characteristics. Moreover, its flexibility and good performance make it an attractive alternative to traditional least-squares-based design methods. The letter is organized as follows: Section II is devoted to the proposed minimax design of the passband linear-phase FIR VDFs. Design examples are given in Section III. Finally, conclusion is drawn in Section IV.
II. VDF DESIGN USING SDP
In a VDF, the desired response is a function of a spectral parameter (also known as tuning or control parameters). The spectral characteristics of a VDF can therefore be continuously varied by changing . The impulse response of the VDF under consideration is assumed to be a linear combination of some basis functions of the spectral parameters and subfilter coefficients [2] , and is given by
If is approximated by a polynomial basis function, the function is simply given by , where is assumed to vary linearly over a finite interval. The z-transform of the polynomial-based VDF is then given by structure (please refer to [2] and the references therein for implementing VDFs using the Farrow structure). To simplify the notation, substitute into (2-2), one gets
where and . (2-3) can be rewritten in matrix form as follows:
where We want to approximate the desired response by in the minimax sense. That is (2) (3) (4) (5) where is a positive weighting function, and is the (frequency, tuning range) of interest. Let and be the real and imaginary parts of , the minimization problem in (2-5) can be reformulated as (2) (3) (4) (5) (6) where and . Using Schur complement [12] , the constraints in (2-6) is equivalent to (2-7)
Digitizing the control parameter and frequency variable over a dense set of frequencies and on the range of interests, the constraints in (2-7) become (2) (3) (4) (5) (6) (7) (8) It can be shown that (2-9) can be stacked together to form the following set of linear matrix inequalities:
Additional linear and convex quadratic constraints can be stacked into as in (2) (3) (4) (5) (6) (7) (8) (9) . By defining the augmented variable , (2-6) can be cast to the standard SDP problem as follows: (2-10) where . Alternatively, the least square stopband attenuation can be minimized (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) This is a quadratic programming problem (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) where To formulate (2-12) as a SDP problem, we decompose as and reformulate it by means of Schur complement as follows: (2-13) By employing different desired frequency response , digital filters with various tunable spectral characteristics can be designed. In addition, linear and convex quadratic constraints can be stacked with (2-13) and solved using SDP. As an illustration, let us consider the design of passband linear-phase lowpass FIR filters with either variable cutoff frequency or variable fractional delay. The desired response of a variable cutoff frequency digital filter (VCF-DF) can be written as (2-14) where is the group delay; is the delay reduction parameter compared with its linear-phase counterpart ( corresponds to a linear-phase VCF-DF); with the tuning range in the passband and with the tuning range in the stopband. Similarly, the desired response of a variable fractional delay digital filter (VFD-DF) is (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) where is the tunable group delay of the VFD-DF, and and are respectively the passband and stopband cutoff frequencies.
III. DESIGN EXAMPLES

A. Variable Cutoff Frequency Digital Filter
In this example, VCF-DFs with minimax design error are designed using the proposed SDP method. The transition bandwidth is fixed at and the passband edge is varied from to . There are 50 samples for the tuning parameter within the interval [0, 1], and 100 samples for the frequency of interest. The VCF-DFs have a subfilter length of 31 and an interpolation order of 5 for the polynomial basis function. Therefore, the passband group delay of the linear-phase VCF-DF is 15 with the delay reduction parameter . Fig. 2(a) shows the frequency response of the linear-phase VCF-DF so obtained. The corresponding passband deviation and stopband attenuation are 0.0293 and 49.3326 dB, respectively. As a comparison, a low-delay VCF-DF is also designed with . Hence, the overall system delay is reduced to 12. The frequency and the group delay responses of the low-delay VCF-DF so obtained are plotted in Fig. 2(b) and (c) respectively. The corresponding passband deviation and stopband attenuation are 0.0303 and 48.9375 dB, which are slightly worse than those of its linearphase counterpart. The worst-case passband group delay error is 0.1746 samples. The design time for this example is about 14.7 min on a Pentium 4 computer. For comparison, we have also implemented the method in [3] for the linear-phase case. Our result is similar to that obtained by the linear programming (LP) approach proposed in [3] . This is to be expected because SDP is a generalization of linear programming. Due to page limitation, details are omitted. On the other hand, unlike SDP, LP is only applicable to the design of linear-phase VCF-DF, but not passband linear-phase VDFs considered in this paper. It should be noted that there is a tradeoff between passband delays and performance in designing VDFs. For example, when the delay parameter above is increased to 6, the corresponding passband deviation, stopband attenuation and group delay error will become 0.044, 45.8832, and 0.2676 samples, respectively. The passband delay, on the other hand, will be lowered to approximately nine samples.
B. Variable Fractional Delay Digital Filter
In this example, both linear-phase and low-delay VFD-DFs with minimax design error are designed. The passband width under consideration is from 0 to , and it is digitized into 100 evenly spaced sample points. The tuning parameter is in the interval , and it is digitized into 50 evenly spaced sample points. The length of subfilter and the interpolation order are 31 and 5, respectively. The delay reduction parameter of the low-delay VFD-DF is chosen as 3 so that its passband group delay is 12. The frequency and group delay responses of the linear-phase (low-delay) VFD-DF with , and are shown in Fig. 3(a) , (c) and (b), (d), respectively. For the linear-phase VFD-DF, the corresponding passband deviation and group delay error are 0.0125-and 0.0032-dB samples, respectively, while for the low-delay VFD-DF, they are found to be 0.01257-and 0.0036-dB samples, respectively. The design time for this example is about 14.7 min. Again, it is noticed that the system delay can be reduced at the expense of slightly degradation of filter performance.
IV. CONCLUSION
A new VDF design approach using SDP is presented. The proposed SDP formulation allows us to design the optimal passband linear-phase VDFs in the minimax and least square sense. Moreover, additional linear and convex quadratic inequality constraints can readily be incorporated. Two common types of VDFs, namely VCF-DFs and VDF-DFs, are designed to illustrate the effectiveness of the proposed approach. Design results show that the SDP method offers an attractive alternative to traditional design methods because of its optimality, generality, and flexibility.
